
The next two theorems are applications of Math 3220 analysis and the correspondence 
between f : A , and F : A 2 2 :   For each

f x i y = u x, y i v x, y
f : A , A  open

there corresponds
F x, y = u x, y , v x, y
F : A 2 2 , A  open

Theorem (full CR Theorem)   Let A  open, f : A , z0 A .  Write
f z = f x  i y = u x, y  i v x, y

where
u x, y = Re f x i y , v x, y = Im f x i y

Then if f is complex differentiable at z0 = x0  i y0   if and only if the following two 
conditions hold: 

(1)   The Cauchy-Riemann equations hold at x0, y0 :
ux x0, y0 = vy x0, y0

uy x0, y0 = vx x0, y0 ;

AND

(2)   F x, y = u x, y , v x, y  is Real differentiable at x0, y0  in the affine 
approximation sense you discussed in Math 3220.  In particular real differentiability is 
implied by the condition that all of the partial derivatives ux, yy, vx, vy  exist and are 
continuous in a neigborhood of x0, y0 .
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Theorem (Inverse function theorem)  Let f  be complex differentiable in a 
neighborhood of z0 , with f z0 0 and f z  continuous.  Then there exist open sets
U, V  with z0 U , f z0 V  such that f : U V  is a bijection and f 1 : V U  is 
also analytic.  Furthermore

f 1 f z = 1
f z

z U .
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Loose end:  (applies to the hw problem 1.5.16)

Theorem  Let A  be an open connected set in , f : A  analytic, with 
f z = 0 z A .  Then f  is constant.

proof:  For open sets, connected and path-connected are equivalent.  Any continuous 
path connecting two points in A  can be approximated with a continuously differentiable 
( C1) path connecting the same two points.  Let z0  be any fixed point in A .  Let z A  

be any other point.  Let  be a C1  curve,
: a, b A
 a = z0
 b = z

Then by the fundamental theorem of Calculus (applied to the real and imaginary parts of
f ),

f z f z0 =
a

b
d
dt f t  dt

= 
a

b
f t  t  dt

=
a

b
0 dt  = 0.

QED
(Or,  you showed in Math 3220 that a continuously differentiable function of several 
variables defined on an open connected set and with all partial derivatives equal to zero, 
is constant.  That theorem applies here, since  the partials of Re f , Im f  are zero if 
f 0.)



Math 4200
Friday September 11   

1.5: using CR equations to prove analyticity; harmonic functions and harmonic 
conjugates.  We'll begin by finishing Wednesday's notes on the complete Cauchy-
Riemann Theorem and the inverse function theorem.
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